It is shown that if the size distribution of the nuclei formed during phase transition is a fractal cluster, then the spatial distribution of the electric field in the cluster is highly inhomogeneous. Electric field is accumulated in small scales, and its strength grows according to the power law from larger scales to smaller scales. When the dielectric permeability of the nuclei is much larger than that of the surrounding medium, the electric field grows as Eϰ3 k , where k is a number of the nucleus in the fractal cluster with the sizes a 1 ӷa 2 ӷa 3 ӷӷ a k . We determined the work of formation of the nuclei in the fractal cluster taking into account the change of the configuration of electric field E. It is demonstrated that the formation of fractal clusters leads to the dynamics of a phase transition with bifurcations, whereby the growth of a nucleus causes the formation of the new nuclei.
It is shown that if the size distribution of the nuclei formed during phase transition is a fractal cluster, then the spatial distribution of the electric field in the cluster is highly inhomogeneous. Electric field is accumulated in small scales, and its strength grows according to the power law from larger scales to smaller scales. When the dielectric permeability of the nuclei is much larger than that of the surrounding medium, the electric field grows as Eϰ3 k , where k is a number of the nucleus in the fractal cluster with the sizes a 1 ӷa 2 ӷa 3 ӷӷ a k . We determined the work of formation of the nuclei in the fractal cluster taking into account the change of the configuration of electric field E. It is demonstrated that the formation of fractal clusters leads to the dynamics of a phase transition with bifurcations, whereby the growth of a nucleus causes the formation of the new nuclei.
The effect of the electric field on the dynamics of phase transitions is of interest in the analysis of various naturally occurring phenomena, e.g., electric phenomena in the atmosphere, and various technological applications, e.g., electric breakdown of liquid dielectrics. Various aspects of this problem were considered in the literature ͑see, e.g., Refs. 1 and 2, and references therein͒. If one neglects the presence of the free charges in the system, i.e., assumes that the spatial density of the free charges is small, the effect of the electric field is proportional to E 2 /8. The coefficient of proportionality depends upon the geometry of the system and material properties. In the thermodynamical scale, the magnitude of W e ϭ(E 2 /8)v, where v is a specific volume per one atom in the nucleus, is rather small. Indeed, a small value W e ϭ10 Ϫ3 -10 Ϫ4 K corresponds to a relatively large field E ϭ10 5 V/cm and vϭ10 Ϫ21 -10 Ϫ24 cm 3 . However, a strong effect of the electric field on the dynamics of phase transitions is observed for considerably smaller fields. 3 There exist also other examples where the effects of electric field and electric current are considerable while the magnitude of this field in a thermodynamic sense is negligibly small. [4] [5] [6] Notably, studies reporting the anomalously strong effects of electric fields are not the exception but rather are common. In this connection it is of interest to determine the mechanisms that may cause a considerable increase of the effective W e in the phenomena which can be affected by electric field.
In this study, we consider the effect of a strong amplification of the field in a fractal cluster due to the renormalization of the geometric coefficient. The physics of this effect is rather simple, and it is associated with the fact that the change of the electric field by the inhomogeneous inclusions is essential in the range of the order of the size of the inclusion. Therefore, if the sizes of the inclusions differ considerably, each inclusion causes an independent distortion of the external field. For certain relative locations of these inclusions, one can attain a considerable amplification of the field. In this Brief Report we considered the simplest situation, and selected a geometry which allows analytical solution. In the framework of this model, the amplification of the electric field Eϳ3 k , where k is a number of heterogeneous inclusions in the fractal cluster with the sizes a 1 ӷa 2 ӷa 3 ӷ¯ӷa k .
The analyzed effect may occur not only for the electric field but also for temperature fields, electric currents, etc. To the best of our knowledge, this effect was not considered previously, at least in the aspect of renormalization of the size of the critical nucleus in a fractal cluster by electric field.
In order to calculate the work of nucleus formation in a polarizable medium W e caused by the change of the configuration of the electric field, it is necessary to determine the induction of electric field D͑r͒ and its strength E͑r͒. In the electrostatic approximation in a locally isotropic medium these functions are determined by the following equations:
Boundary conditions for Eqs. ͑1͒ imply continuity of the tangential and normal components, E i and D n i , of the electric field at the surface of the ith inclusion and condition at infinity:
Consider a cluster consisting of spherical particles with radii a i , iϭ1,...,k, and dielectric permittivity 1 which is different from the dielectric permittivity of the host medium 0 . Let R i be a radius vector of the center of the ith particle, and assume that the radii of the particles satisfy the following condition:
The distances between the surfaces of the particles We will use further that a perturbation caused by a spherical particle with the radius a i into the configuration of electric field D͑r͒ is essentially nonzero in the domain ͉rϪR i ͉ϳa i . For ͉rϪR i ͉ӷa i , this perturbation can be neglected. Under these conditions the problem can be solved by iterations.
At the first stage a system of equations ͑1͒ with boundary conditions ͑2͒ is solved for the first particle with a center at R 1 and radius a 1 . Then in the space domain where vector r satisfies simultaneously the conditions ͉rϪR 2 ͉ӷa 2 , ͉rϪR 3 ͉ӷa 3 , . . . ,͉rϪR k ͉ӷa k , ͑5͒
the expression for D͑r͒ reads
where Ϫ ϭ(Ϫx), ϩ ϭ(x), xϭ͉rϪR 1 ͉Ϫa 1 , (x) is a Heaviside function, and
In order to determine function D͑r͒ in the domain ͉r ϪR 2 ͉ϳa 2 , we must determine a solution of Eqs. ͑1͒ with boundary conditions ͑2͒ whereby the third of conditions ͑2͒ is replaced by
͑8͒
According to the condition ͑4͒, the second nucleus is located in the domain of influence of the first nucleus. In order to determine E 0 1 and D 0 1 ϭ 0 E 0 1 , let us rewrite Eq. ͑6͒ in the coordinate system with an origin at R 2 . Conditions ͑3͒ and ͑4͒ imply that in the region ͉rϪR 2 ͉ϳd 12 Ӷ͉R 2 ϪR 1 ͉,
Then Eq. ͑6͒ in the region ͉rϪR 2 ͉Ͼa 1 and ͉rϪR 2 ͉Ϫa 2 ϳd 12 can be written as follows:
where
Function M (, 0 ) determines the absolute value of the field while functions a, b, and a 2 ϩb 2 ϭ1 determine the direction of the field in a set i, k. Parameter varies in the range Ϫ1рр 1 2 , and function M (, 0 ) has a maximum at the point 0 ϭ0 for 0рр 1 2 . In the range Ϫ1рр0 at 0 ϭ0, function M (, 0 ) has a minimum, and it assumes the maximum value in this range at points 0 ϭϮ1. Thus if a dielectric permeability of the host medium 0 Ͼ 1 , then the maximum of the absolute value of the electric induction is attained in the direction normal to k( 0 ϭ0) and
If 0 Ͻ 1 , or Ϫ1рр0, the maximum of the electric inductance is attained in the direction of k and
Hereafter we consider the case ͑10͒, especially because the effects of the nuclei are stronger in this case. Thus we have calculated the strength of the electric field E 0 1 in the boundary condition ͑8͒, E 0 1 ϭD 0 1 / 0 , and we can determine electric induction D͑r͒ in the vicinity of the nucleus with a radius a 2 . The expression for D(r)ϵD 2 in the region ͉rϪR 2 ͉ ϳa 2 is obtained directly from Eq. ͑6͒ by substituting a 1 ,R 1 by a 2 ,R 2 and D 0 by D 0 1 , where D 0 1 is given by expression ͑10͒. Repeating this procedure, we arrive at the expression for electric induction in the vicinity of the ith nucleus when the nuclei are aligned in the direction k:
͑11͒
where i Ϫ , i ϩ , and i correspond to functions , Ϫ , and ϩ , where a 1 ,R 1 are substituted by a i ,R i . Now we will determine a work of formation of a fractal cluster of nuclei using a general expression: 
where V i is the volume of the ith nucleus. Note that in the assumed geometry of the fractal,
Here D i in is the value of the electric induction inside the ith nucleus while the electric induction D iϪ1 out corresponds to the field D͑r͒ in the domain which is determined by the following two conditions: ͉r ϪR iϪ1 ͉уa iϪ1 and ͉rϪR i ͉ӷa i . The above procedure corresponds to the known procedure for calculating the change of the energy of the field caused by inhomogeneous inclusion ͑see Ref. 7, Chap. 2, Sec. 11͒.
Thus we obtain
.
͑13͒
Now using the above expression for the work of formation of a fractal cluster W e k , we can determine the size of the critical nucleus a c i which is required for the ith generation. Parameters of a critical nucleus are determined by the conditions for mechanical and chemical equilibrium in the system. 9, 10 Let F be the free energy of the system measured from the free energy of the system prior to the formation of the first nucleus. Using Eq. ͑13͒, we can write the following expression for F:
͑14͒
Here v is a specific volume per atom in the ith nucleus, v 0 is a specific volume per atom of the host phase, S i is the surface area of the ith nucleus, ␣ is a coefficient of surface tension, f 0 (v 0 ,T) is the free energy per particle without electric field, and N is the remaining number of particles of the host phase. The condition for mechanical equilibrium in a system with a volume Vϭ ͚ iϭ1 k v i N i ϩv 0 N yields kϩ1 equations:
where ͕ ͖ denotes a set of parameters which are kept constant and p is a Lagrange multiplier. It is shown below that p is equal to the thermodynamic pressure in the host phase. Let v 0 (p,T) and v 1 (p,T) be solutions of the equation ‫ץ‬ f 0 /‫ץ‬v ϭϪp for the host phase and the new phase, respectively. Then expressions for the solutions of Eqs. ͑15͒ read
where p i s ϭ2␣/a i is the pressure of a surface tension in the ith nucleus. Since ͑see, e.g., Ref. 11͒ (p,T) ϭf 0 "v (p,T)…ϩ pv (p,T), where denotes a particular phase, substituting solutions ͑16͒ yields the following expression for the Gibbs potential:
The condition for chemical equilibrium ‫ץ‬⌽/‫ץ‬N i ϭ0 yields k equations,
which determine the size of critical nuclei a i c for phase transition from phase 0 to phase 1 through the formation of a fractal cluster. Equation ͑18͒ allows to determine the relation between the critical nuclei sizes at the (iϪ1)th and ith stages of formation of a fractal cluster provided that the thermodynamic state of the host phase 0 does not change:
In order to estimate the magnitude of the effect, consider a case with a weak oversaturation of phase 0. The size of a critical nucleus of phase 1 without electric field a 0 c is given by the following formula:
where ⌬T is the deviation of the temperature from the binodal T 0 (p) and ⌬SϭS 1 ϪS 0 is the difference between specific entropies of the new and the host phases. The domain with a weak oversaturation is defined by the following condition:
Linearizing Eq. ͑18͒ and taking into account that ͉p i ͉ Ͼ͉p iϪ1 ͉ in the domain determined by condition ͑20͒, we find ϳexp(4␣a c 2 /3T), the rate of the phase transitions increases sharply at each of the successive stages of formation of a fractal cluster.
In this study, we demonstrated that the formation of a fractal heterogeneous cluster may be accompanied by strong renormalization of the field and accumulation of energy in small spatial scales. Clearly such accumulation of energy can cause different phenomena, e.g., electromagnetic radiation, formation of beams of charged particles, heat fluxes, etc. A simple model that we employed in this study was chosen in order to elucidate the possibility for accumulation of strong fields in small spatial scales when the applied external field is relatively small. Strong variation of physical parameters in fractal structures was studied in the past ͑see, e.g., Refs.
